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Abstract 



The dynamics of a Dp brane can be described either by an open string ending on this 
brane or by an open D(p - 2) brane ending on the same Dp brane. The ends of the open 
string couple to a Dp brane worldvolume gauge field while the boundary of the open D(p - 
2) brane couples to a (p - 2)-form worldvolume potential whose field strength is Poincare 
dual to that of the gauge field on the Dp-brane worldvolume. With this in mind, we 
find that the Poincare dual of the fixed rank-2 magnetic field used in defining a (1 + p)- 
dimensional noncommutative Yang-Mills (NCYM) gives precisely a near-critical electric 
field for the open D(p - 2) brane. We therefore find (1 + p)-dimensional open D(p - 2) 
brane theories along the same line as for obtaining noncommutative open string theories 
(NCOS), OM theory and open Dp brane theories (ODp) from NS5 brane. Similarly, the 
Poincare dual of the near-critical electric field used in defining a (1 + p)-dimensional 
NCOS gives a fixed magnetic-like field. This field along with the same bulk field scalings 
defines a (1 + p)-dimensional noncommutative field theory. In the same spirit, we can have 
various (1 + 5)-dimensional noncommutative field theories resulting from the existence of 
ODp if the description of open D(4 - p) brane ending on the NS5 brane is insisted. 
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1 Introduction 



By now we know that there exists not only the big M-theory but also a little m-theory. 
The latter is particularly interesting since it shares many properties of the big M-theory 
and yet appears as a decoupled theory without gravity. Therefore, we have a better 
hand on this theory and hopefully we can learn new things and gain insights for the big 
M-theory in the process of uncovering more on this little m-theory. 

The purpose of this paper is to show the existence of new non-gravitational theories 
which are closely related to the recently discovered decoupled noncommutative Yang-Mills 
theories (NCYM) g], |, |, i, noncommutative open string theories (NCOS) |, g [|, OM 
theory and open Dp brane (ODp) theories^, 0, |10 . 



In particular, we will show that the Dp brane worldvolume Poincare dual of the fixed 
rank-2 magnetic field used in defining a (1 + p)-dimensional NCYM gives a critical (p - 
l)-form electric fielof] for an open D(p - 2) brane ending on the Dp brane. We therefore 
find (1 + p)-dimensional open D(p - 2) brane theories in the same spirit as for OM theory, 
NCOS and ODp. In other words, with the same bulk (the metric and the closed string 
coupling) scaling limit, we can end up with either a (1 + p)-dimensional open D(p - 2) 
brane theory from the open D(p - 2) brane perspective or a (1 + p)-dimensional NCYM 
from the open string perspective. Moreover, the open D(p - 2) brane theory provides a 
completion of the NCYM if the latter is nonrenormalizable. In this sense, the former is 
in general a better description. 

By the same token, we find that the existence of a (1 + p)-dimensional NCOS implies 
also a (1 + p)-dimensional "noncommutative" field theoryfj. The corresponding noncom- 
mutative geometry is determined through the quantization of the boundary action which 
is obtained from a topological one for the open D(p - 2) brane. For the particular p = 3 
case, the new noncommutative field theory is also a NCYM resulting from an open D- 
string ending on a D3 brane and can actually be identified with the usual NCYM resulting 
from an open F-string ending on the same base D3 brane. 

The above results are consistent with the compactification of OM theory on either a 

1 The scalings for the bulk fields such as the metric and the closed string coupling remain the same. 
2 Hcrc for p > 3, the noncommutative geometry is also expected to be nonassociative as well. 
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magnetic circle or an electric circle. The usual picture is: the compactification of OM 
theory on a magnetic circle gives the usual (1 + 4)-dimensional NCYM while on an electric 
circle it gives the (1 + 4)-dimensional NCOS. As we will show in section 5, the actual 
path is: The magnetic-circle compactification of OM theory gives our (1 + 4)-dimensional 
open D2 brane theory which provides a completion of the effective (1 + 4)-dimensional 
NCYM. The electric-circle compactification gives the (1 + 4)-dimensional NCOS which 
provides a completion of the new effective (1 + 4)-dimensional noncommutative tensor 
field theory mentioned above. We will elaborate these in section 5. 

Along the similar line, we should also have new (1 + 5)-dimensional noncommutative 
field theories given the existence of the ODp theories from NS5 brane for p < 5. We 
will discuss this in section 6. All these new non-gravitational theories are consistent with 
U-duality, therefore lending support to the notion that U-duality is inherited to the little 
m-theory without gravity. 

This paper is organized as follows: In section 2, we give a rather detailed motivation 
for the work presented in this paper. In section 3, we show that the fixed rank-2 magnetic 
field used in defining a usual (1 + p)-dimensional NCYM from the open string perspective 
gives precisely a critical (p - l)-form electric field for an open D(p - 2) brane theory if the 
dynamics of the base Dp brane is described in terms of the ending D(p - 2) brane. We also 
discuss the relationship between the open D(p -2) brane theory and the corresponding 
NCYM. In section 4, we follow the same line as in section 3 but now for a (1 + p)- 
dimensional NCOS. We will show that the resulting limit gives a noncommutative field 
theory with a noncommutative geometry determined by the boundary action for the D(p 
- 2) brane. In section 5, we give a detailed picture on the compactification of OM theory 
on either a magnetic or an electric circle. We will show that the results obtained in the 
previous sections are consistent with the compactifications of OM theory. In section 6, 
we first argue the proper limits for ODp theories from NS5 brane. Then we show that 
the (1 + p)-dimensional open D(p - 2) brane theories discussed in section 3 are U-duality 
related to the ODp's. We also show that the bulk decoupling limits for ODp from NS5 
brane give ones for noncommutative field theories living on NS5 brane in a similar spirit 
as discussed in section 3 and 4. In section 7, we discuss S-duality between the (1 + 3)- 
dimensional NCOS and our open D-string theory, and the implication for the existence 
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of a (1 + 3)-dimensional open (p, q) string theory. 



2 Motivation 

Strominger some time ago in JO] concluded that a D(p - 2) brane can end on a Dp 
brane (also M2 brane on M5 brane) without violating charge conservation along the 
similar line for a fundamental string on a Dp brane. This same conclusion was also 



reached by Townsend in []12] from the analysis of Chern-Simons terms in D = 10 and 
D = 11 supergravity theories. From the D-brane worldvolume perspective, the end of 
a fundamental string (or F-string) appears as a point electric charge which couples to 
the worldvolume U(l) field. The magnetic charge (or monopole) with respect to the 
U(l) field implies actually a (p - 2)-dimensional extended object carrying an electric-like 
charge which couples to a worldvolume (p - l)-form field strength (Poincare dual to the 
U(l) gauge field strength) in the Poincare-dual picture. Therefore, a (1 + p)-dimensional 
NCYM as a decoupled theory of Dp-branes with a magnetic field in the F-string picture 
implies the existence of a different decoupled theory of the Dp brane in an electric-like (p 

- l)-form field strength in the open D(p - 2) brane picture. This new theory is just our 
(1 + p)-dimensional open D(p - 2) brane theory which will be discussed in the following 
section. Similarly, a (1 + p)-dimensional NCOS as a decoupled theory of Dp brane with 
a near-critical electric field in the F-string picture implies also the existence of a different 
field theory of Dp brane with a magnetic-like (p - l)-form field strength in the open D(p 

- 2) brane picture. This new theory is a "noncommutative" field theory defined on a 
noncommutative geometry. 

Let us elaborate the above further. The dynamics of Dp-brane with a constant mag- 
netic flux in it can be described by the open F-string ending on the Dp-brane with its 
boundary coupled to this background. In the decoupling limit, the kinetic term of the 
string theory can be ignored and the dynamics is described by a topological term |4]]. This 
topological term can be expressed as a boundary one and the quantization of this bound- 
ary action gives rise to spatial noncommutativity along the directions with nonvanishing 
magnetic field on the Dp brane worldvolume. 

What is the picture if we look from the description in terms of the open D(p - 2) 
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brane ending on the Dp-brane with the same scalings for the bulk metric and the closed 
string coupling as those for NCYM? As is well known that Dp branes with a constant 
magnetic flux represent a non-threshold bound state of Dp branes with smeared D(p - 
2) branes along the two co-dimensions fL3j [14], 15|. The smeared D(p - 2) branes are 
within the Dp-brane worldvolume rather than end on them. As discussed in ||16| , in the 
decoupling limit for NCYM, if we view the smeared D(p - 2) branes as periodic vortices 
along the two co-dimensions, each vortex will decouple from the rest. Therefore we need 
to consider only one vortex, for example, the one in the origin of the coordinate system 
for the two co- dimensions. In other words, we have localized D(p - 2) branes within the 
Dp brane worldvolume in the decoupling limit for NCYM. We now know that in terms of 
the open D(p - 2) brane picture, this system should also decouple from the bulk in the 
decoupling limit and its dynamics is described by the open D(p - 2) branes which couple 
to a Dp-brane worldvolume (p - l)-form field strength. The very fact that the D(p - 2) 
branes reside within Dp brane worldvolume must imply that the background (p - l)-form 
electric field reach its critical valueQ. We will show that this is indeed true as expected. 

The above picture is along the same line as for the decoupling limits for NCOS, OM 
theory and those ODp from NS-5 branes. In particular, the gravity systems used for their 
gravity descriptions [|8], [7|, [T7|, [18], [TO] in the respective decoupling limits are nothing but 
the corresponding non-threshold bound states. For example, for OM theory, the gravity 
system is the (M5, M2) bound state [jn|. For NCOS, the gravity systems are the (F, Dp) 
bound statef2(|. The gravity description of the present open D(p - 2) brane theory is 
the same as the corresponding one of the usual (1 + p)-dimensional NCYM except that 
we have traded the asymptotic B- field for NCYM with the asymptotic RR (p - l)-form 
potential through the Dp-brane worldvolume Poincare duality^. 

3 This conclusion can only be drawn in the decoupling limit. From NCYM side, we know that in the 
decoupling limit the open string massive modes decouple and the dynamics is described by its massless 
modes, i.e., the gauge modes, which live on the brane. So we expect that the dynamical degrees of 
freedom should also remain on the brane if the open D(p - 2) brane description is adopted. Here what 
left in the decoupling limit is the D(p - 2) branes and therefore the background field must reach its critical 
value. 

4 We will use the constant bulk B-ficld or RR (p - l)-potential only when we discuss the gravity dual 
descriptions. Otherwise, we always use the worldvolume fields to avoid possible confusions. 
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We have the following two additional pieces of evidence to support the existence of the 
open D(p - 2) brane theories found in this paper. First, OM theory results from a critical 
electric 3-form i?oi2 held limit. The non-linear self-duality constraint for this 3-form field 
implies also a non- vanishing ^345. As discussed in |§, this theory reduces to a usual (1 
+ 4)-dimensional NCYM upon compactification on a magnetic circle. The -££345 gives a 
rank-2 magnetic field which gives rise to the noncommutativity in the NCYM theory. 

Upon the reduction on a circle along one of the M5 worldvolume directions, the 3-form 
field strength on M5 brane will give either a 2-form gauge field strength or a 3-form field 
strength but not both on the D4 brane worldvolume. Otherwise, we double counting the 
degrees of freedom for the worldvolume field since the two are not independent but related 
through a constraint inherited from the self-duality on M5 brane. This is familiar for the 
self-dual 5-form field strength in the dimensional reduction of type IIB supergravity on a 
circle to the N = 2 nine dimensional supergravity. 

The usual (1 + 4)-dimensional NCYM is nonrenormalizable and therefore this descrip- 
tion is an effective one which is good for relevant energy much smaller than the inverse 
of the gauge coupling <?ncym- H this effective description is valid, we can choose to keep 
the 2-form gauge field strength rather than 3-form field strength. 

Note that the magnetic-circle compactification of OM theory is along a direction trans- 
verse to the open membrane which is used to define OM theory. One must be wondering 
where is the open membrane and naturally expects an open membrane theory in (1 + 
4)-dimensions. In other words, we expect OM theory to reduce to an open membrane 
theory in (1 + 4)-dimensions when the compactification radius is invisible to the OM 
theory (i.e., the KK modes are too heavy in comparison to the OM theory scale). This 
theory is also expected to provide a complete description in (1 + 4)-dimension. As we 
will show in section 5, this is indeed true. This open membrane theory is just our (1 
+ 4)-dimensional open D2 brane theory which we will discuss in the following section. 
This theory provides the completion of the usual (1 + 4)-dimensional NCYM. In other 
words, OM theory implies the existence of the (1 + 4)-dimensional open D2 brane theory. 
For this theory, we need to keep instead the 3-form -££012 upon the reduction. Starting 
with this (1 + 4)-dimensional open D2 brane theory, we can obtain in general (1 + p)- 
dimensional open D(p - 2) brane theories by T-duality along a direction either common 
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or transverse to both of D(p - 2) and Dp branes. We limit ourselves to p < 5 in this paper 



because for p > 5, the corresponding (1 + p) NCYM cannot decouple from the bulk pi 
This might imply that we have only decoupled open Dp brane theories for p < 3. 

By the same token, we may expect a new noncommutative tensor field theory upon 
the compactification of OM theory on an electric circle when the spatial 3-form i/345 can 
be kept instead. We will discuss this possibility in section 4. 



The ODp theories from NS-5 brane discovered in || [T(J also imply the existence of 
the (1 + p)-dimensional open D(p - 2) brane theories found in this paper. As discussed 
in ||, one direct evidence for ODp theories is from the fact that an open string ending on 
a D5 brane is S-dual to a D-string ending on a NS-5 brane in type IIB string theory. The 
former gives the (1 + 5)-dimensional NCOS in the critical electric field limit. The S-dual 
of this gives OD1 now also in the corresponding critical electric field limit. This can also 
be understood as the electric force, due to the near-critical electric field, acting at the two 
ends of the D-string on the NS -5 brane almost balances the D-string tension. As a result, 
the D-string decouples from the bulk and is confined on the NS-5 brane worldvolume. 
T-dualities along NS5 brane directions on this OD1 give in general ODp for p < 5. In 
other words, these ODp are just the results of open Dp branes ending on the base NS5 in 
the corresponding critical electric field limits. 

The direct connection between these ODp and the ones found in this paper occurs for 
OD3. Since the tension and the near-critical electric field associated with the open D3 
brane, and the scalings for the closed string parameters (metric and closed string coupling) 
remain the same under S-duality, we conclude that the S-dual of OD3 gives another OD3 
since the D3 brane itself is intact under S-dualityQ. This new OD3 theory is now from an 
open D3 brane ending on D5 branes in the critical 4-form electric field limit. Therefore, 
this OD3 theory is our present (1 + 5)-dimensional open D3 brane theory. T-dualities 
along the D3 brane directions therefore give also our (1 + p)-dimensional open D(p - 2) 
brane theories. 

The field theories resulting from the existence of NCOS or ODp can be discussed in a 



5 Some parameters of the original OD3 theory such as the effective open D3 brane coupling are trans- 
formed under S-duality but the theory is not. This conclusion differs from that given in Q where the 
S-duality gives (f + 5)-dimensional NCYM. We will reconcile this difference in section 6. 
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similar fashion and we will not repeat them here. 



3 (1 + p)-Dimensional Open D(p - 2) Brane Theories 

In this section, we will show that the decoupling limit for a (1 + p)-dimensional NCYM 
with rank-2 noncommutative matrix from the open string perspective gives precisely a 
critical field limit for an open D(p - 2) brane theory if this open D(p - 2) brane description 
of Dp-brane is insisted. Let us begin with a summary of the decoupling limit for NCYM 
& 

§ij = e5ij, = (p- g mn = e5 rnn (m,n = transverse), 

2 7 ra' J B (p _ 1)p = e 1 / 2 , (3.1) 

where #ncym * s ^ ne fixed noncommutative Yang-Mills coupling. We know that with the 
presence of Dp brane, the worldvolume gauge invariant quantity is T = 2ira'(B + F) with 
F the worldvolume gauge field. For the purpose of performing the worldvolume Poincare 
duality in the following, we replace the constant rank-2 B-field in Eq. (|3.1[) by a constant 
rank-2 gauge field strength using a gauge choice. As a result, we have now 

2ix&'F (p ^ l)p = e 1/2 , B = 0. (3.2) 

The Dp-brane worldvolume Poincare dual of the above magnetic background gives an 
electric-like worldvolume (p - l)-form field strength i?oi2-(p-2) which is associated with 
the D(p - 2) brane ending on the Dp-brane. Note that the relevant Dp-brane Lagrangian 
for the purpose of obtaining such an electric-like background field i?oi2-(p-2) is 

1 



Cdbi = ~ (2n)Pa^+P^~g s V ~ det( ^ + 2 ™' F °ri> ( 3 ' 3 ) 



where a, (3 — 0, 1, • • • p. We then have 



det H 012 -(p-2) _ 1 eoi2-(p-2)tj dC DBI 

y 2tt 2 V- det g dF^ ' 1 ' ' 



where we define e ao ... ap = g aoPo ■ ■ ■ g ap p p e Po '"^ with e 01 " p = 1. 
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Using the scalings for g s , the metric in Eq. ( |3.1| ) and the magnetic background in Eq. 



( p.2|) , we have from the above 



H m2 -( P -2) , ( P -2)+i : (~ ~ 9) ' ( 3 - 5 ) 

where we have defined 

~2 ~/(3-p)/2 

/=y2 _ gNCYM a eff /o fi \ 

Lr o( P -2) - (2vr)P- 2 ' ^ J 

The scalings for the metric and the closed string coupling remain the same as those given 



in Eq. (3.1). The form of the above electric (p - l)-form field strength indicates that it 
reaches its critical limit as e — > 0. Let us confirm this. The effective action of an open 
D(p - 2) brane ending on a Dp brane can be written in its simplest form as 

S M = - { 2ny-^-m~ gs L-i ^-V V / -det(^ + 2vra^) + + • • • , 

(3.7) 

where we have 

T~t P -i = C P -i + Hp-i, (3.8) 

with C p _i the pull-back of the bulk RR (p - l)-form potential and H p ^% is the aforemen- 
tioned Dp brane worldvolume (p— l)-form field strength which comes from the conversion 
of the open D(p - 2) brane boundary term to its worldvolume along the Dp-brane direc- 
tions. The ■ • • terms are irrelevant for the discussion of this paper and for this reason we 
drop them from now on. The D(p - 2) brane worldvolume gauge field is also irrelevant 
and we drop it for the following discussion. In the above, the gauge invariant quantity 
is now Ti p -\. Once again, we see that in the presence of this D(p - 2) brane, given TC p -i 
and H p _i, C p _i cannot be arbitrary but fixed according to the above equation^. For the 
choice of Eq. ( |3.5| ), we have Coi-(p-2) — 0. 

With the above, let us calculate the effective proper (also coordinate) tension for a 
D(p - 2) brane along 12 • • • (p— 2) directions with the metric and the closed string coupling 
given in Eq. (|3.1| ) and with the i?oi-(p-2) given in Eq. ( |3.5| ), we then have 

\ , 01-(p- 2) rr \ frj Q ^ 

" (2n)P-^-^g s + 01 - {p - 2) ~ 2(2n)P-^- 1)/2 Gl 



o(p-2) 

6 This example indicates that we cannot choose the asymptotic values as we wish for bulk potentials 

whether they are NSNS or RR origins in the presence of various kinds of D branes 
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which indicates that our #oi-(p-2) is indeed a near-critical electric field. The near-critical 
electric force stretches the boundary of the D(p - 2) brane to balance its original tension 
such that a finite tension as given above[]is obtained. As a result, the D(p - 2) brane is 
now confined within the Dp-brane worldvolume. The conventional discussion implies that 
we end up with an open D(p -2) brane theory for p < 5. For later use, let us summarize 
the decoupling limit for a (1 + p)-dimensional open D(p - 2) brane theory: 

a' = e 1/2 a eS , gi P ~ 2) = e ±J ^~ A G 2 o{p _ 2) , = T]^ (//, v = 0, 1, • • • (p - 2)), 
Qij = eSij, = (p - l),p), g mn = eS mn (m,n = transverse), 

#012-(p-2) = ,( P -2)+i o ' ( 3 - 10 ) 



'012-(p-2) - , (p-2)+i I I 7 ~ 9 

(27r) P -^: ff 2 ^ (p _ 2) u 2 

where the coupling G (p-2) for the open D(p - 2) brane theory is related to the gauge 
coupling through fl3.6|). 

Let us briefly discuss each of the open D(p - 2) brane theories for 2 < p < 5. 
Open DO theory: This case can be discussed similarly following that for the OD0 theory 
from NS5 brane given in ||. The present open DO brane theory results from a D2 brane in 
the presence of a worldvolume near-critical 1-form field strength H 



V c rr o(0) 

This field strength can be traded to a 1-form bulk RR potential Co- The dynamical 
objects in this theory are the light DO branes. Again, the light excitations of this open 
DO brane theory carry a conserved charge. 

If we lift this open DO brane theory to eleven dimensions on a transverse circle, the 
D2 brane now becomes an M2 brane. We have the eleven-dimensional Planck mass and 
the compactified radius as 

Rn = V&gi 0) = e^G 2 o(0) = eR, M p = 7 = r * MTT ^ = e^M^, (3.11) 



7( 5 (°))l/3 



where M e g = / _ l_ 2/3 -. Choosing the fixed coordinate in the 11-th direction such that 

x 11 ~ x 11 + 2ttR, the bulk 11-dimensional metric is 

dr 11 r n 

rf s 2 f = -(rfx ) 2 + R\ x (^— - C dx ) 2 + edx 2 ± = e \-{dx ) 2 - dx u dx° + dx 2 ± ] , (3.12) 



As always, the resultant finite tension is smaller than the expected one by half. For examples, we 
have this for NCOS and (1 + 5)-dimensional ODp from NS5-brane. This implies that the usual evaluation 



of such tensions may not be completely correct. We try to resolve this in 23 
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where we have dropped a term proportional to e 2 . Note that the lifted theory is defined 
with respect to the metric ds 2 M /e and now the compactified 11-th direction is light-like. 
We have now the bulk Planck scale M e fr which is the same as the proper tension for the 
open DO brane theory. 

In other words, the open DO brane theory with N units of DO brane charge is a DLCQ 
compactification of M theory with N units of DLCQ momentum in the presence of a 
transverse M2 brane. 

Open Dl theory: The decoupling limit for this theory can be summarized as 



a = e 



1/2 «eff, ffl = ^G 2 o{1) , g„ v = T]^ (fi, v = 0, 1), 



#oi= ' {--h. (3-13) 



gij = eSij, = 3,4), g mn = e5 mn (m,n = transverse), 

l n v 

For this particular case, given the relation between the open D-string and the open F- 
string, we expect that the open D-string metric and noncommutative parameter can be 
obtained from the usual Seiberg-Witten relations for open F-string ending on a D-brane 
through the following replacements: 

a'^a'g^, - -L F a/3 - H a/3 , (3.14) 
9 s 



i.e., we have now 



G aP = g aP - (2na'~gi i y) 2 (Hg- 1 H)^, 

& a/3 = 2wa'g^ ( 1 -^rr-) , (3-15) 

\a + 2^~q ( pH) A 



a/3 

,g + 'Zira'gs ' ti ) A 

where A in ()^ denotes the anti-symmetric part of the matrix and a, (3 = 0, 1, 2, 3. Using 
the above scalings, we have the open D-string metric and the nonvanishing noncommuta- 
tive parameter as 

G a f } = en afi , O 01 =2na' cS G 2 o(1) . (3.16) 

As expected, we have a'g^G a/3 = a' eS Gl^r] al3 . This is a well-defined perturbative theory 
for small G 2 ^. The usual (1 + 3)-dimensional NCYM is believed to be renormaliz- 
able and therefore it is a well-defined perturbative noncommutative field theory for small 
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coupling ^ncym- Further we have Gr^n) = Q^cym/^ 71 ) which implies that the two pertur- 
bative theories break down at the same time when either of the couplings is strong. As 
mentioned earlier, the two have basically the same gravity dual description. Note that 
the NCYM can have T-duality, and therefore it is not really a field theory since it does 
not have a well-defined energy- momentum tensor. All these indicate that the usual (1 
+ 3)-dimensional NCYM and the (1 + 3)-dimensional open D-string theory are just two 
different descriptions of the same physics. 

Open D2 theory: This theory is related to OM theory compactified on a small magnetic 
circle and provides a completion of the usual (1 + 4)-dimensional NCYM. We will discuss 
this case in detail in section 5. 

Open D3 theory: The decoupling limit for this theory contains D5 branes in the presence 
of a near-critical 4-form worldvolume field strength H 012 3 = Vi } l2 ^ 2 — (1 — I)- The bulk 



scalings are 



(3) 



a 1 



£ 1/2 ®'ctti gi 3) = Go(3)> 9^ = Vv» G"> v = °) !> 2, 3), 
g tj = eSij, = 4, 5), g mn = eS mn (m, n = transverse), (3.17) 

The coupling for this theory is related to the usual (1 + 5)-dimensional NCYM coupling 

as 

~2 -/— 1 

= (2vr)3 • (3 ' 18) 
The usual (1 + 5)-dimensional NCYM is nonrenormalizable and as such it is an effective 
theory. The present open D3 brane theory provides a completion of this NCYM. Therefore 
this is an example that the open D3 brane description is better than the usual NCYM 
one (or the F-string description). As we will discuss this case further in section 6, this 
open D3 brane theory is actually self-dual under S-duality. 

In a similar fashion as discussed in ||, different (1 + p)-dimensional open D(p - 2) 
brane theories here can be related to each other either by a T-duality along a direction 
of the D(p - 2) brane or by a T-duality along a direction transverse to both this D(p - 
2) brane and the parent Dp-brane. However, a T duality along any codimension gives a 
D(p - 1) brane which no longer lives inside the parent D(p - 1) brane. This indicates that 
such a T-duality may render the open D(p - 1) brane undecoupled. If we compactify the 



12 



x p 2 -direction with the identification x p 2 ~ x p 2 + 2tcR p -2, the usual transformations of 
bulk quantities under a T-duality along this direction give the following 

#01-(p-3) = 27ri?p_ 2 -^01-(p-2), R' p -2 = 7T^' ^o(p-3) = ^ ^o(p-2)) (3.19) 

_Kp_2 -Kp-2 

where -R p _ 2 is the T-dual coordinate radius. One can check that the resulting decoupling 
limit is for a (1 + (p -l))-dimensional open D(p - 3) brane theory. 



4 (1 + p) -Dimensional Noncommutative Field The- 
ories 

We follow the same steps as what we did in the previous section but now for a (1 + p)- 
dimensional NCOS rather than for a (1 + p)-dimensional NCYM. From the open string 
perspective, the critical electric field limit gives a (1 + p)-dimensional NCOS. The ques- 
tion is: what is the corresponding decoupled theory with the same bulk scalings but now 
from the open D(p - 2) brane perspective? As we will argue below, the answer seems a 
decoupled (1 + p)-dimensional "noncommutative" field theory defined on a noncommu- 
tative geometry which is in general different from that for the usual (1 + p)-dimensional 
NCYM. 

The decoupling limit for a (1 + p)-dimensional NCOS can be given collectively as M: 

G 2 

oc' = ea' eS , g s = —^, = T]^ (/i, v = 0, 1), 
v e 

9ij = eSij = 2, • • -p), g mn = e5 mn (m, n = transverse), 

2We 01 F 01 = 1 - |, (4.1) 

where the scaling parameter e — > and the NCOS parameters a' cS and G remain fixed. 

The Dp brane worldvolume Poincare dual of Fqi, i.e., H2... p , can be obtained, following 
the same steps as those given in the previous section, as 

'H2-V 1 ^2-pav dCl 



Using the scaling limit given in (|4.1|) for the metric, the closed string coupling and the 
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near-critical electric field, we have 

H 2 ... P = ^E^> ( 4 - 3 ) 

{2^aJ Gl 

which remains fixed. 

In summary, from the open D(p - 2) brane perspective, we have now the following 
scaling limits: 

Q2 

a' = ea' eS , g s = — =, = r]^ (ji, v = 0, 1), 
v e 

9ij = ^ij = 2, • • -p), Qmn = tbmn (m, n = transverse), 

H 2 - P = 1 ~^E^- ( 4 - 4 ) 



Let us inspect the action (|3.7|) proposed in the previous section for the open D(p - 
2) brane ending on the Dp brane which moves in the background given in ( |4.4|) . For 
convenience, we write it down here as 

*%-2) = ~ fo x p _ 9 1 /(v -i)/ 2 I , ^"VJ-det g aP + f Hp-!, (4.5) 
{2ir) p z a ,( P >' g s Jmp- 1 v Jmp- 1 

where we have dropped the D(p - 2) brane worldvolume U(l) field for the reason mentioned 
in the previous section, the D(p - 2) brane worldvolume indices a, f3 — 0, 1, • • • (p — 2) and 
the induced worldvolume metric 

g a(] = d a X M d p X N g MN , (4.6) 

where the metric gMN is the bulk spacetime one with M,N = 0,1, ■••9. The above 
Nambu-Goto-type action is not convenient for considering the scaling behavior of the 
action. We here follow the procedure given in |22|] to introduce the auxiliary worldvolume 
metric and recast the above action in Polyakov form as 

S {p -2) = I , I tF-^yP det 7 ( 1 olP d a X M d p X N g MN - (2rc) 2 (p - 3)a') 

2(27rrarg s Jmp- 1 v v ' 



+ 



/ H P -i, (4.7) 
Jmp- 1 



where we have again followed M by insisting the worldvolume coordinates a a as dimen- 
sionless. One can check that the equation of motion for 7 Q/ 3 gives the induced metric and if 
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substituting this back to the above action, we end up with the Nambu-Goto action ( |4.5| ) . 
In the following, we consider the scaling behavior of the above action under the scaling 
limit (|4.4j ). As it is understood that the coordinates X M are now fixed. The D(p - 2) 



brane coordinates a a as well as its intrinsic metric 7 Q/ g are also fixed. With these, we have 



+e 1 / 2 ^d a X%X^5 ij + e l l 2 ^d a Y m dpY n 5 mn - e l ^(2n) 2 a' eS (P ~ 3) 

+^ttt / #-V Q ° Ql -^- 2 d Q0 X^ ai X i2 • • ■ d^X^H^...^, (4.8) 
(p — ly. J mp- 1 

where Y m denote the bulk modes in directions transverse to the base Dp brane. From 
the above, we have the following: 

1. The bulk modes X M for \x = 0, 1 are frozen out. 

2. The action for the bulk modes X % and Y m vanishes. 



Since the bulk field 7^2-. -p as given in (4.4) is a fixed constant, the bulk theory is now 



described by the following topological action 

S(p-2) = -^^yy j Mp i d p -W aoa ^ a ^d ao X^d ai X i2 ■ ■ ■ d^X^Hi^...^, (4.9) 

which in turn can be expressed as the following boundary action for p > 3 

_L I dP- 2 Ce aoai - a -- 3 d ao X^d ai X^ ■ ■ ■ d^X^X^Hi^...^, (4.10) 
(p — ly. JdMP- 1 

where £ a with (a = 0, 1, • • • (p — 3)) denote now the local coordinates for the boundary 
(p - 3)-brane and X 1 are the embedding fields of the boundary (p - 3)-brane. 

The boundary degrees of freedom for the D(p - 2) brane are governed by the above 
action. For p = 2, we can see that the action (|4.9|) has no local dynamics for a constant 
Hi. We therefore don't expect the noncommutative geometry to arise for this case. For 
p = 3, the quantization of the above action gives [X l ,X J ] ^ 0, therefore implying the 
spatial noncommutative geometry of the base D3-brane along the line as for the usual 
NCYM discussed in 0. For p = 4,5, we may follow p2| to discuss the corresponding 
spatial noncommutativity geometries of the base Dp-branes. However, for the p = 5 
case, the S-dual of the resultant theory does not appear to decouple from the bulk as we 
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will discuss in section 6. This may indicate that the present theory is not well-defined, 
either. For this reason, we postpone to study this case carefully elsewhere, not pursuing 
it further in this paper. Therefore, except for the p = 2 case, we expect in general that 
we have a noncommutative geometry for the base Dp-brane upon the quantization of the 
above action. The remaining question is: what is the decoupled theory at hand with the 
decoupling limit (|4.4j) ? 

Our current knowledge is that a decoupled open brane theory requires usually a 
near-critical electric-like background field while a decoupled field theory requires a fixed 
magnetic-like background field (with respect to the fixed coordinates). With this, we 
might expect that the decoupling limits (|4.4|) describe decoupled field theories defined 
on noncommutative geometries determined through the quantization of the action ( |4.10|) . 
Naively, we may take the field theory modes on Dp branes as super Yang-Mills multiplet. 
This would imply that the above decoupled field theories are also "noncommutative" 
Yang-Mills theories but now defined on noncommutative geometries which are in general 
different from those for the usual NCYM. 

Given that the decoupled field theory is obtained from the open D(p - 2) brane per- 
spective and the noncommutative geometry is determined through the fixed Dp-brane 
worldvolume if p _i-form, the resultant decoupled theory is naturally expected to be a ten- 
sor field theory since the field theory modes on a single Dp brane is a tensor multiple^ 
which is Poincare dual to the U(l) gauge modes on the brane. If such a field theory for 
p > 3 exists indeed, the question is: Can we use the (1 + p)-dimensional Poincare dual 
to map this decoupled field theory to a NCYM? To address this, we first need to know if 
it is consistent to Poincare dual the dynamical tensor field while leaving the "noncommu- 
tative" geometry intact. If this is true, we can end up with a U(l) gauge field defined on 
a "noncommutative" geometry determined by the boundary action ( 4.10|) . If this is not 
true, we don't expect that we can end up with a field theory since the Poincare dual of 
spatial "noncommutative" geometry would imply a time-space one. The expected theory 
should be the (1 + p)-dimensional NCOS but we cannot get it by performing the Poincare 
dual on the decoupled tensor field theory since the later is expected to be an incomplete 



8 For p > 3, we know only how to deal with a single Dp brane since at present we don't know how to 
generalize an abelian tensor multiplet to its non-abelian one. 
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description of the underlying physics while the former is a complete description for p > 3. 
Work on this issue for p = 4 case is in progress. 

In spite of what has been said above, directly confirming the existence of the (1 + 
p)-dimensional "noncommutative" tensor field theories may not be easy since we need 
to know the effective open D(p - 2) brane metric which is hardly available for p > 3. 
For p = 3, however, we are reasonably sure that we end up with a (1 + 3)-dimensional 
noncommutative Yang-Mills which is actually identical to the usual (1 + 3)-dimensional 
NCYM if their parameters are properly identified. 

Let us give some detail about this theory. As discussed above, quantization of the 



boundary action ( |4.10| ) for p = 3 gives 

[x 2 , x 3 } = -i2na' cS G 2 . (4.11) 

Therefore, we have the spatial noncommutative parameter O 23 = — 2ira' eS Gl. The present 
decoupled theory is obtained from the open D-string ending on D3-branes in the decou- 
pling limit (|4.4j ) for p = 3. Given the relation between D-string and F-string, we expect 
that the low energy Born-Infeld action for D3 branes with the open D-string ending on 
them can be obtained from that for D3 branes with a F-string ending on them through 
the following replacements 

9s a' -> a' g a , F a/3 -> H a p, (4-12) 

9s 

where F a p is the worldvolume gauge field in the F-string picture while H a p is the cor- 
responding one in the D-string picture. With the above, the decoupling limit (fOj) is 
essentially the same as the one for the usual NCYM as given in ( |3.1| ) in the previous 
section. Given the above, let us make a consistent check on the open D-string metric, 
the noncommutative parameter and the gauge coupling using the corresponding Seiberg- 
Witten relations for the present noncommutative Yang-Mills theory. They are now 

G a p = g a /3 - {^a'9s) 2 {Hg~ l H) a p, 

af3 



G af3 = 2ira'g s ( ) 



A 



1 g s fdet(g + 2na'g s H)\ 1/2 



#NCYM 2n \ detG 
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where A in denotes the anti-symmetric part of the matrix. Using the decoupling limit 
Q4.4D for p = 3, we have from the above 

G aP = ^ 6 23 = -2na' cS G 2 , -J— =|l (4.14) 

The noncommutative parameter 23 is the same as the one obtained above and the open 
string metric is also expected. The Yang-Mills coupling is inversely related to the open 
string coupling for NCOS. This is quite different from that between the open D-string 
coupling and the usual NCYM coupling as given in (|3.6|) for p = 3. 

Under S-duality, we expect that our open D-string theory discussed in the previous 
section is mapped to the present NCOS via 

"eff ~^ a 'cS — "cffG'otl)' ^0(1) —> Gl = , (4-15) 

G o(l) 

which are obtained from a' — > a' = a'g s , g s — ► g s — l/<?s- 

With the above relation, we have the same parameters for the usual NCYM and the 
above NCYM. Therefore, they are identical theories. In other words, the NCYM keeps 
intact under S-duality. This is just the consequence of S-duality given the two S-duality 
related bulk scalings and the relation F23 = H23. In other words, the low energy dynamics 
of the open F-string ending on the base D3 branes with background F23 is identical to 
that of the open D-string ending on the same D3 branes with background H23. 

Note that the above S-duality for the NCYM is induced from that for the bulk type IIB 
string theory. This is different from the usual one which requires in addition a worldvolume 
Poincare duality for the background field. The usual S-duality maps the usual NCYM 
directly to the NCOS as discussed in 0. In terms of our interpretation, the NCYM keeps 
intact under S-duality. 

At low energies, the NCOS, our open D-string theory and the NCYM are all expected 
to reduce to the corresponding usual Yang-Mills theories. The question is: What are 
the relations among the three usual Yang-Mills theories. Let us find them out. For the 
NCOS, we have the gauge coupling from || as g Y M = 27rG 2 . For the NCYM, the gauge 
coupling is just g 2 NC YM = ^ncym = ^ttG^ = 2n/G 2 . For our open D-string theory, we 
can calculate gy M = 2n/G 2 l y Given G 2 = 1/G 2 ^, we have the same low energy Yang- 
Mills theory for the NCOS and our open D-string theory since the gauge coupling is the 
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same. However, we have g Y M = (2^) 2 /#ncym- m other words, the low energy Yang-Mills 
theory from either the NCOS or our open D-string theory is strong-weakly related to 
that from the NCYM. This is the manifestation of the S-duality for the usual (1 + 3)- 
dimensional YM. This result is consistent with the S-duality relation between the NCOS 
and the usual NCYM discussed in || even though our interpretation here is different as 
mentioned above. 

5 Compactification of OM Theory on a Circle and (1 
+ 4)-Dimensional Theories 

In this sub-section, we try to make connections of the (1 + 4)-dimensional open D2 brane 
theory and the new (1 + 4)-dimensional NCYM discussed in the previous two sections to 
the compactification of OM theory on a (either magnetic or electric) circle. We will see 
that the dimensional reduction of OM theory on either a magnetic circle or an electric 
circle indicates the existence of the open D2 brane theory or the new (1 + 4)-dimensional 
NCYM. 

5.1 OM Theory on a magnetic circle and 5-D Open D2 Brane 
Theory 

In this section, we try to show that OM theory describes the strong coupling of the usual 
(1 + 4)-dimensional open D2 brane theory discussed in section 2. We also show that this 
open D2 brane theory provides a UV completion of the (1 + 4)-dimensional NCYM 9 . 

As discussed in ||, OM theory on a magnetic circle gives NCYM with rank-2 non- 
commutative matrix with the following parameters 

^ jggg 9 z ' > ' 9NCYM = 

9 That the UV completion of the (1 + 4)-dimensional NCYM is an open D2 brane theory was also 
briefly mentioned in a recent paper [Q. An open D3 brane theory as the UV completion of the (1 + 
5)-dimensional NCYM was also mentioned there. The author would like to thank R.-G. Cai for bringing 
his attention to this reference. 
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M 3 LM 3 
^ = ^(^^ = 0,1,2), gi] = 2^5 l]} (2, j = 4,5), F 45 = — (5.1) 

where L is the coordinate radius of the magnetic circle, M e g is the energy scale for the 
OM theory and M p is the eleven-dimensional Planck scale which is sent to infinity in the 
decoupling limit for OM theory. It was also concluded in that paper that OM theory 
provides a completion of the (1 + 4)-dimensional NCYM. The detailed path, as we show 
below, is that the (1 + 4)-dimensional open D2 brane found in this paper provides a 
completion of the NCYM and OM theory describes the strong coupling of this open D2 
brane theory. 

Comparing the above with the decoupling limit for NCYM with p = 4 in Eq. ( |3.1|) , 
we have also 

£ =# a -=2ik (5 - 2) 

The (1 + 4)-dimensional NCYM is nonrenormalizable and therefore this theory does 
not have a complete (1 + 4)-dimensional description. However, when L << l/M e Q, the 
magnetic circle is invisible to OM theory. We should end up with a (1 + 4)-dimensional 
open membrane theory which provides a completion of the NCYM. We will show below 
that this open membrane theory is our open D2 brane theory. 

As discussed in the Introduction, an alternative description of this compactification 
of OM theory is via the open membrane since the compactification along the magnetic 
circle is transverse to the open membrane which is used in defining the OM theory. With 
this in mind, we have from g s = ^^G 2 ^ and the relations given in Eqs. (|5.1|) and (|5.2|) 

G\ 2) = ~ 9l ^f 2 = (2LM eS f 2 , (5.3) 
The scalings of other parameters for the OM theory can be read from || as0 

a - e a eff , e - e - a 

p 

g^u = Vfiv 0*> v = 0, 1, 2), gij = e5ij = 4, 5), 

M 3 tanh/3 1 fl 1\ ( , A , 

o(2) 



10 Our convention here for Hou differs from that used in H by a factor of (2n) 2 
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The above parameters and scalings are precisely what we used to define our (1 + 4)- 
dimensional open D2 brane theory in section 3. If we examine the coupling G {2) of our 
open D2 brane theory given (|5.3|) , we have G (2) « 1 if L « l/M e s and G Q (2) >> 1 if 
L » l/M e g. The former implies that the magnetic circle is invisible to OM theory while 
the latter says that the circle appears to be uncompactified to OM theory. Therefore, our 
open D2 brane theory is OM theory on a magnetic circle when L « 1/M e g and provides 
a completion of the usual (1 + 4)-dimensional NCYM. Its strong coupling is OM theory. 

In summary, when L « l/M cS and the relevant energy scale << I/^ncym; both 
OM theory and our open D2 brane theory can be effectively described by the usual (1 
+ 4)-dimensional NCYM. When we have only L << 1/M e g, OM theory reduces to our 
open D2 brane theory. In other words, OM theory provides a completion of our open 
D2 brane in coupling while our open D2 brane provides an completion of the usual (1 + 
4)-dimensional NCYM in energy. 

5.2 OM theory on an electric circle and 5-D noncommutative 
tensor field theory 

As discussed in ||, the compactification of OM theory on an electric circle (say in the 2 

direction) with proper (also coordinate) radius R gives (1 + 4)-dimensional NCOS with 

the following parameters: 

1 M 3 
a ' = RNP' 9s = {RM p f'\ 27ra'F 01 =a'RH 012 = l- 1 ^-, 

2M\ 

9^ = Viw (/^ = M), 9ij = "TTF^j (M = 3 > 4 > 5 )> 

p 

2M\ 

9mn = —r£-S mn , (m,n = transverse), (5.5) 
p 

where M p — > oo is understood. Comparing with the decoupling limit for NCOS given 
in ( |4.1| ) for p = 4, we have 

It is not difficult to see that G Q » 1 implies R » l/M cS . In other words, the 
circle appears uncompactified. Therefore, OM theory provides a completion of the (1 + 
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4)-dimensional NCOS in coupling. On the other hand, if G a << 1, we have R << 1/M e s. 
This is to say that the circle is invisible to OM theory. Since one of the dimensions of 
the open membrane in OM theory is wrapped on this circle, we therefore end up with the 
above NCOS theory. 

Again as discussed in the Introduction, we can instead focus on the magnetic 3-form 
field H 345 rather than on the electric one. The question is: what is the decoupled theory 
in this case? Let us examine the decoupling limit. Since the change here is to replace Fqi 
by i?345, we therefore have the following: 

, _G'i _ (2M;j,\ 3/1 S mhl3 _ 2M& _ 1 

9v» = Vijw (A*> v = °> !)> 9ij = (hJ = 3,4, 5), 

g m n = ^ mn , (m,n = transverse), (5.7) 

where the parameters e, a' ef{ and G Q are given in ( |5.6|) . Note that our convention for the 
above if 345 differs from that given in ||: our if 2 34 corresponds to — if 345 / (27r) 2 used in 
With this in mind, the above limit gives precisely the one in (|4.4j) for p — 4. As discussed 
in the previous section, this limit gives a (1 + 4)-dimensional tensor field theory defined on 
a noncommutative geometry which is determined upon the quantization of the boundary 
action ( ^T0|) . 

This (1 + 4)-dimensional tensor field theory is expected to be an effective theory and 
its completion is the (1 + 4)-dimensional NCOS. 

6 Relation to ODp Theories from NS5-branes 

As discussed in the Introduction, the existence of ODp theories from NS5 branes for p < 5, 
as discovered independently in || |TU|, can be traced back to the fact that an open Dp 



brane can end on NS5 branes. These ODp theories are also related to the known NCOS 
theories (for example, the (1 + 5) NCOS) and to each other through S- and T-dualities 

1- 

The scaling limits for these ODp are given in |§ as 

a' = e 1 / 2 c4, = e^ A G 2 o{p) , 9ill> = Vfa ,, 0, v = 0, 1, • • • ,p), 
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9ij = (i, 3 = (p + 1), • • • 5), g. 



mn 



eS mn , (m, n = transverse), 




( 



1 




(2^)< ) «r i)/2 



e 




(6.1) 



In the above, both a RR (1 + p)-form and a RR (5 - p)-form potentials are included 
for defining the ODp. These constant RR potentials can be traded to the corresponding 
NS5 brane worldvolume (1 + p)-form field strength Hoi- p and (5 - p)-form field strength 
H(5-p)...5- Given the fact that the two are related to each other by the worldvolume 
Poincare duality for p = 2 case, we expect that the two are related so for a general p < 5. 
In other words, the (1 + p)-form field strength H\ +p and the (5 - p)-form field strength 
HL p \ are not independent to each other but related by the worldvolume Poincare duality 
This is consistent with the low energy field contents on a NS5 brane in either IIA or IIB 
string theory for which we don't have such two independent field strengths living on the 
NS5 brane worldvolume at the same time. To avoid doubly counting degrees of freedom, 
we allow only one of them present at one time except for the case of p = 2, 5. For the p = 2 
case, we still have only one 3-form field strength but with two nonvanishing components 
related to each other by the non-linear worldvolume Poincare duality. For the p = 5 case, 
neither the 6-form field strength nor the the 0-form one carries local dynamics on the 
NS5 brane. For this reason, they are allowed to present at the same time. We therefore 
interpret that the decoupling limit for ODp given in || should include only the Coi-. p n °t 
the C( p +i)...5 one except for p = 2, 5 cases. This will affect the interpretations for some of 
the ODp theories given in ||. 

The properties for each of the ODp theories have been discussed in ||. However, for 
p = 3, we interpret the OD3 theory to be self-dual rather than to be S-dual to the usual 
(1 + 5)-dimensional NCYM as given in ||. In addition to the reason mentioned above, 
the other favoring our interpretation is that the OD3 theory is a complete description 
while the (1 + 5)-dimensional NCYM is merely an effective one. We cannot expect that 
a complete theory is mapped to an incomplete one under S-duality. This case is quite 
different from that in (1 + 3)-dimensions where the NCYM is also a complete theory. 

For different ODp, the origin of the worldvolume background field H m ... p is different. 
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Let us explain this briefly. For p = 0, the DO brane used in defining ODO theory couples to 
a 1-form field strength. This 1-form must be a derivative of one of the five scalars in the (2, 
0) tensor multiplet. Since this scalar interacts with DO brane charge and therefore must 
be the zero mode associated with the compactified direction transverse to the original M5 
brane which is now the NS5 brane in IIA. The Poincare dual of this 1-form field strength 
on the NS5 brane worldvolume gives a 5-form field strength whose potential couples to the 
boundary of the open D4 brane ending on the NS5 brane. The critical electric field limit 
of this 5-form field strength, which is actually Poincare dual to a magnetic-like 1-form 
H 5 , defines the OD4 theory. For even p, only the OD2 theory is defined as the critical 
field limit of the self-dual field strength if 012 in the (2, 0) tensor multiplet. 

For odd p, the NS5 brane is in Type IIB string theory. The low energy field content 
on the NS5 brane is the (1, 1) vector multiplet. The OD1 theory results from the critical 
electric field strength H m whose potential is in the (1, 1) vector multiplet. The OD3 
theory results from a near-critical 4-form field strength iiom which is Poincare dual to 
the magnetic-like 2-form field strength if 45. So the origin of this 4-form field strength is 
also clear. However, we have neither a 6-form field strength nor a 0-form field strength 
in the (1, 1) vector multiplet. Actually, a 6-form or a 0-form field strength in (1 + 5)- 
dimensions carries no local dynamics. For this reason, both of the 6-from and the 0-form 
can appear at the same time. So for OD5, we can also have both the 6-form if 012345 and a 
0-form H. Because of this, we don't have a well-defined S-dual of OD5 as discussed in ||. 

One of purposes in this section is to show that the open Dp brane and the NCYM 
theories discussed in section 3 and 4 are also implied by the ODp theories given our 
above interpretation for the NS5-brane worldvolume fields. For convenience, we rewrite 
the scaling limits for ODp except for p = 2, 5 case using our interpretation as 



Let us point out first that except for the dimensionality (here it is (1 + 5)-dimensions), 




, g mn = tbmn {m, n = transverse), 



(6.2) 



the scalings for the OD(p - 2) theories in Eq. fl6-2|) look exactly the same as those for our 
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(1 + p)-dimensional open D(p - 2) brane theories discussed in section 3 for p < 5. We 
now explore the connection between these two. 

For this purpose, let us consider p = 3 in Eq. ( |6.2D . The decoupling limit for this OD3 

is 

a' = e 1/2 a' eS , = G 2 o{3) , = r}^, {p., v = 0, 1, • • • , 3), 
9ij = eS ij {h3 = 4 , 5 )> 9mn = e5 mn , (m, n = transverse), 

^'"^ = (« " 5) ■ (6 ' 3) 

If we S-dual this OD3 theory, we end up with another OD3 theory whose scalings look 
identical to the original ones except for some changes for the fixed parameters a' eS , G^ 3 y 
This is due to the fact that the D3 brane is intact under S-dualityQ. The only possible 
effects associated with the base NS5 brane in the decoupling limit are on the closed string 
constant a' and the closed string coupling g( 3 \ It turns out that their scalings remain the 
same under S-duality for this case, a welcome and yet expected result. If we denote with 
A as the S-dual of quantity A which is not invariant under S-duality, we have 

a> - a> = a'gf = e^a> s , g^ - ^ 3 > = ^ = ^ = (% 3) , (6.4) 

for which we insist that the closed string metric remains the same as before^- This 
also implies that the D3 brane tension ~ 1 / (a 12 gf') remains invariant under S-duality, 

11 This is manifest by the fact that the near-critical electric field i?oi23 is intact under S-duality. This 

becomes more clear if we use C0123 rather than the worldvolume i?oi23- 

12 The notion that the string constant a' transforms under S-duality is due to our choice that 

the asymptotic string-frame metric does not change under S-duality. This is an effective way in im- 
plementing S-duality which is also useful. The original S-duality requires the Einstein-frame met- 
ric and a' to be invariant under S-duality. Let us demonstrate the above two cases in the follow- 
ing simple examples: a) If we insist that the asymptotic string metric remain the same but the 
a' -► 51 = a'g s , we have (l/o/) / dX M dX N g MN -> (1/a') j dX M dX N g MN under S-duality. This 
basically says that a fundamental string with its parameter a' is mapped to another fundamental 
string with its parameter a' = a'g s . However, if we interpret this new string in its original a', it 
is a D-string. b) If we insist that only Einstein metric and a' remain invariant under S-duality, we 
have (l/a')JdX M dX N e^ 2 g^ N -> (1/a 1 ) J dX M dX N e~^ 2 gf 1N = (1/g.af) fdX M dX N g MN where 
we have used the relation g = e't'^ 2 g E in relating the original string-frame metric g to its Einstein-frame 
metric g E in the last step. We have also used (j> — ► —(f) under S-duality. If we interpret this string in the 
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again a welcome and yet expected result. This further implies that the OD3 tension 
~ V^cff^o^)) a l so remains invariant under S-duality which is consistent with the fact 
that H Q i23 (or C0123) is intact under S-duality. Given that the closed string metric, the 
proper tension of the D3-brane ending on the NS5 brane and the near-critical electric 
field C0123 all remain unchanged under S-duality, we therefore still have an open D3 brane 
theory under S-duality as claimed above with the following decoupling limit: 

a' = e 1/2 a cS , g^ = G 2 o{3) , = rj^ (//, u = 0,l, 2, 3), 



9a = = 4, 5), g mn = eS mn (m, n = transverse), 

1 n 1 



where we have 



a 'cs - a 'efiG 2 ( 3 ), ^0(3) — ^ — > (6-6) 

G o(3) 

which implies a'^G 2 ^ = oc' 2 s G 2 ^y This new open D3 brane theory has the same tension 
as the original one but its coupling G 2 ^. is inversely related to the original one as indicated 
above. Therefore when one OD3 theory is strongly coupled, the other is weakly coupled 
and vice- versa. This new OD3 theory is just the open D3 brane theory discussed in section 
3. Subsequent applications of T-duality on this OD3 theory along described 
in section 3 will give our open Dp brane theories for p < 3. Therefore, the OD(p - 2) 
theories from NS5 branes also imply the existence of those (1 + p)-dimensional open D(p 
- 2) brane theories discovered in this paper. 

It is clear now that the OD(p - 2) theories from NS5 branes and those found in this 
paper are U-duality related. Let us make some further comparisons between them. First 
for p < 5, our open D(p - 2) brane theories live in (1 + p)-dimensions while those from NS5 
brane always live in (1 + 5)-dimensions. Assuming the respective compactification radii to 
be the same, we have the ratio G 2 t ^ p _ 2 ^/G 2 ^ p _ 2 ^ = 1/G^7 3 y If G ( 3 ) > 1, then G ^ < G ^ 
and the other way around if G (3) < 1- Further G 2 ^ p _^a^~ 1 ^ 2 = G 2 ^ p _ 2 ^a^~ 1 ^ 2 . This 
original string metric, this S-dual string is a D-string because of the tension is now ~ l/(a'g s ). However, 
it is still a fundamental string if we use the S-dual string metric which is now g = g/g s . Therefore the 
above two pictures don't lead to any inconsistency. It is merely a choice of attributing the change to the 
metric or to the string constant a' . 
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implies that our open D(p-2) brane theory and that from NS5 brane have the same proper 
tension and the same near-critical electric field i^oi-0-2)- The bulk metric in both cases 
remain the same. Therefore, the reason that our open D(p - 2) brane theory can only see 
(1 + p)-dimensions while those from NS5 brane always see (1 + 5)-dimensions may be 
due to the difference in their couplings. 

For p = 5, as discussed in section 3, the open D3 brane brane provides a completion 
of the usual (1 + 5) -dimensional NCYM. Our discussion above says that the S-duality 
of this open D3 brane theory is the OD3. This indicates that the S-duality of the usual 
(1 + 5)-dimensional NCYM gives another (1 + 5)-dimensional NCYM. It is for this case 
that our interpretation differs from that given in || where the S-duality of OD3 was 
interpreted to give the usual (1 + 5)-dimensional NCYM. The question is: what is the 
new (1 + 5)-dimensional NCYM? This is the topic to which we turn next. 

Following the discussion given in section 3 and 4, we expect that we might have 
noncommutative field theories for p — 0,1,3, 4 if the open D(4 - p) brane description is 
insisted with the following scaling limits 

a' = e l / 2 a' eS , g® = e^ 4 G 2 o(p) , 9y¥ = rj^, (/,, v = 0, 1, • • • ,p), 
9ij = {hj = (p +!)>■• • 5), g mn = £$mn, {m, n = transverse), 

*W"5 = , 2 - Pr J .'(5- P )/2- ( 6 - 7 ) 

Let us examine the action of open D(4 - p) brane ending on NS5 branes: 
5(4- P ) = ; — T~ M I d 5 -V v /-det 7 (j a ^d a X M d p X N g MN - (2vr) 2 (3 - p)a') 

+ / fls-p- (6-8) 

Jm 5 -p 



With the scaling limits ( |6.7[ ), we have 

Vri = ~ o(o n2 I rf 5 "V^-det 7 [e-^' A i aP d n X»d B X 



e ( r~ 1 V A 'f f, d a X i df i X i 6 ij + e {p - l)/i ~i at5 d a Y m d p Y n 5 mn 



- e (v-V/\2n) 2 (3-p)]+ H 5 _ p . (6.9) 
where we denote Y m as the bulk modes along the directions transverse to the NS5 brane. 
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Except for the p = 1 case, the only finite part of the above action is the bulk topological 
term which can be expressed in terms of the following boundary action (except for the 
p = 4 case) 

— -1— / d 4 ~^e a ^- a ^d ao X^d ai X i2 ■ ■ ■ d a3 _ p X^X^H Ht2 ... l5 _ p . (6.10) 
(5 — py. JdM 5 -p 

In other words, we can have noncommutative field theories for p = 0, 3 upon the 
quantization of the above action which determines the geometry of the base NS5 brane. 
For p = 0, this appears to be a noncommutative (2, 0) theory. Since the background 
field used in defining this theory comes from the magnetic dual of the derivative of the 
scalar in (2, 0) theory, whether we indeed have such a noncommutative field theory needs 
further investigation. For p = 3, we end up with the aforementioned NCYM which can 
actually be identified with the usual NCYM. We will show this later on. 

The p = 4 case does not give noncommutativity and therefore we expect that we end 
up with the usual (2, 0) theory. For p — 1, the bulk modes X\Y m remain even with 
the decoupling limit. This may indicate that we don't have a decoupled noncommutative 
field theory. This also indicates that the (1 + 5) -dimensional noncommutative tensor 
field theory discussed in section 4 may not be well-defined either since it is expected to 
be related to the present one by S-duality. 

We now discuss the p = 3 case mentioned above. The quantization of the boundary 



action ( |6.10|) for this case gives 



4 ™5l 



\X , X 



i2ira' eS G% ) , (6.11) 



' J tz '" u: eff ,Jr (3)' 



which gives the noncommutative B 45 = —2ira' cS G^ 3 y 

Given the S-dual relation between the open F-string ending on D5 branes and open 
D-string ending on NS5 branes, we expect, as before, that the open D-string metric, the 
noncommutative parameter and the gauge coupling can be calculated with the scaling 
limit ( p.7|) using the following Seiberg-Witten relations: 

G aP = g aP - (2na'g^)\Hg~ 1 HU, 

Q<# = 2*a'gf ( 

\g + 2Tia'gf ) H / 

1 # /det(^ + 27ra'#^)\ 1/2 



a/3 



A 



Sncym (27r) 3 (a'^ 3) ) V detG 
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(6.12) 



where a, (3 = 0, 1, • • • , 5. We find 

G af3 = Vap, @ 45 = -2vr< ff Gj 3) , g^ CYM = (2vr) 3 ^ ff . (6.13) 

The fixed open D-string metric indicates that we indeed end up with a noncommutative 
field theory. The noncommutative parameter is the same as the one calculated above 
from the quantization of the boundary action. Let us understand the above Yang-Mills 
coupling. Since an open D-string ending on NS5 branes are S-dual to an open F-string 
ending on D5 branes, we expect that the bulk scaling limits for this NCYM are S-dual to 
those for the usual NCYM. This further implies that the parameters for the two decoupled 
NCYM are related to each other. Let us find these relations. The scaling limits for the 
usual (1 + 5)-dimensional NCYM are given in ( |3.1| ). Under S-duality, we have 

a'^a' = a'gf\ #-# = 4- (6-14) 



5 (3)- 



From the above, we have 



r<- - (^ 7r ) 3( ^efr 1 -/ S'ncym _ -/ ,V2 , r ,-, 

G o(3) - -^2 - 755- > «eff - - °W^(3)- l b - i5 J 

i/NCYM tj( 3 ) \ m ) 



With this, we have 

9 45 = 2na' eS G 2 o{3) = 2na' eS , g^ CYM = (2n) 3 a' cfi = ^cym- ( 6 - 16 ) 

In other words, the two NCYM theories have the same parameters and they can actually 
be identified. Again this is just the consequence of S-duality. We have seen this for the two 
(1 + 3)-dimensional NCYM theories discussed in section 4. In other words, the NCYM 
keeps intact under S-duality. 

At low energies, all these (1 + 5)-dimensional decoupled theories (i.e., the NCOS, 
OD1, OD3, our open D3 brane theory and the NCYM) from type IIB string theory are 
expected to give the usual (1 + 5)-dimensional Yang-Mills. The question is: Can we 
have a unique usual Yang-Mills? We can check this at least for the NCOS, OD1 and the 
NCYM. For the NCYM, from the above, we can see that the low energy limit can be 
achieved by insisting a' cS — > while keeping d' eS fixed. This in turn implies that we set 
G% } - 0. 
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For the NCOS, it reduces to the usual Yang-Mills with gauge coupling g>y M = (2iT) 3 Gla' eS 
as given in M. For the OD1, it reduces to 



l CD, 



S = / d 6 xV^GG AC G BD H AB H c 

4(2vr) 3 «'# ) J 

= , (0 * I d G x V AC V BD H AB H CD , (6.17) 

where the open D-string metric Gab = &)ab has been used. From the above, we have 
4 = (27r) 3 «; ff - 

Since the NCOS (with parameters a' eS , G ) is S-dual to OD1 (with parameters a' eS , G(i)) 
we have the following 

G?n = -L a' cS = a' cS G 2 . (6.18) 



This implies that the low energy Yang-Mills theories from the above three different theories 
are actual the same since the gauge coupling is the same. This is different from the (1 + 
3)-dimensional case discussed at the end of section 4. 



7 (1 + 3)-Dimensional Open (p, q)-String Theory 

The discussion given in the previous sections hints already that we have interesting story in 
(1 + 3)-dimensions. For example, our (1 + 3)-dimensional open D-string theory discussed 
in section 3 is equivalent to the usual (1 + 3)-dimensional NCYM. We intend to give 
explanations for related issues in this section. 

In H, it was shown that the S-duality of (1 + 3)-dimensional NCYM gives (1 + 3)- 
dimensional NCOS. This conclusion, in spite of its correctness, does raise the following 
puzzles: a) Why is this true only for the (1 + 3) dimensional NCYM, not for the (1 + 
5)-dimensional one, for example? b) How can we reconcile this with the belief that the 
non-perturbative quantum SL(2, Z) symmetry of the parent type IIB string theory is 
actually inherited to its decoupled sub-theory (we call it the little type lib string theory) 
without gravity? 

As we know that the existence of D-string or in general a (p, q)-string is a consequence 
of this SL(2, Z) symmetry in the non-perturbative type IIB string theory. By the same 
token, if we have SL(2,Z) symmetry for the little type lib string theory, the existence 
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of (1 + 3) -dimensional NCOS should imply a (1 + 3)-dimensional open D-string or in 
general a (1 + 3)-dimensional open (p, q)-string theory. However, the above conclusion 
given in |J says that the S-dual of the NCOS is the usual (1 + 3)-dimensional NCYM. 

The (1 + 3)-dimensional open D-string found in section 3 resolves this puzzle. First 
the existence of this theory is consistent with the S-duality. Second that this theory is 
equivalent to the usual (1 + 3)-dimensional NCYM as discussed in section 3 is also consis- 
tent with the S-duality between the (1 + 3)-dimensional NCOS and the usual NCYM. Our 
interpretation for S-duality is a bit different from that given in |J where a worldvolume 
Poincare duality is also employed as discussed in section 4. In terms of our interpreta- 
tion, the (1 + 3)-dimensional NCYM is actually S-dual invariant while our open D-string 
theory is S-dual to the NCOS. 

Our picture of S-duality for the decoupled theories from the parent type IIB string 
theory is as follows: In general, a decoupled open brane theory is S-dual to another 
decoupled open brane theory while a decoupled field theory is S-dual to another decoupled 
field theory. The examples are: a) (1 + 3)-dimensional NCOS is S-dual to the (1 + 3)- 
dimensional open D-string theory in this paper, (1 + 5)-dimensional NCOS is S-dual to 
the (1 + 5)-dimensional OD1 theory and (1 + 5)-dimensional OD3 is S-dual to the (1 + 
5)-dimensional open D3 brane theory in this paper. The usual (1 + 3)-dimensional NCYM 
is S-dual to the (1 + 3)-dimensional NCYM discussed in section 4 (actually self-dual), the 
usual (1 + 5)-dimensional NCYM is S-dual to the (1 + 5)-dimensional NCYM discussed 
in the previous section. As discussed in the previous section, an open brane theory should 
not be in general S-dual to a field theory since the latter may not be complete (due to 
nonrenomalizability) while the former is generally complete. 

As mentioned above, the reason that the usual (1 + 3)-dimensional NCYM can be S- 
dual (using the interpretation of ||) to the (1 + 3)-dimensional NCOS is due to that this 
NCYM is a complete theory and is equivalent to the (1 + 3)-dimensional open D-string 
theory. This is, however, not the case in (1 + 5)-dimensions. 

Now the remaining question is: Does a general (1 + 3)-dimensional (p, q) open string 
theory exist? The answer should be yes if the type IIB SL(2, Z) is inherited to the little 
type lib string theory. The existences of both (1 + 3)-dimensional NCOS and open D- 
string theories, both (1 + 5)-dimensional NCOS and OD1 and the two versions of open 
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we have 



D3 brane theory related by S-duality also strongly support this. Given that an open (p, 
q)-string can end on D3 branes, one expects that a force due to a proper background 
field can balance the tension. For examples, in the simplest context, if we apply only a 
near-critical electric field Bqi, 

2na'e 01 B m = 1 - |, (7.1) 
with the usual scaling limit for NCOS, 

Q2 

«' = eaefr> 9s = -p, (7.2) 
v e 

M ^~^J?, + ^B m = + £, (7.3) 

which is finite and is the tension for the decoupled theory which is still a NCOS. Similarly, 
we can have only a near-critical RR Cq\ and with the decoupling limit for the open D- 
string theory, we can also end up with a deformed open D-string theory. 

Recall that an open (p, q)-string is a non-threshold bound and its ends carry both 
NSNS and RR charges (or electric and magnetic charges with respect to the D3 brane 
worldvolume gauge field) . So both the background NSNS B 01 and C i apply forces on this 
string. A genuine open (p, q)-string theory requires the presence of both the near-critical 
field Bqi and Cq\. Further each of these two fields along with the proper scalings for the 
closed string coupling and the bulk metric must act in a non-trivial way such that we 
can end up with a finite tension for the (p, q)-string theory. One can check easily that 
a naive critical field limit following that for either open D-string theory or NCOS does 
not work. The investigation on this is in progress and we hope to report this elsewhere. 
Nevertheless, the finite tension is expected to be 



1 



P 1 + fz- (7-4) 



This should also be true for the (1 + 5)-dimensional open (p, q)-string theory. We expect 



that the (p, q)-string action proposed in |2^, [26| may be useful. 



Note Added: During the course of writing up, we become aware that when the spatial 
directions of the D(p - 2) brane are compactified, our (1 + p)-dimensional open D(p - 
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2) brane theory may be related to the Galilean D(p - 2) brane theory discovered in [27 



(see also [p8[ p9[). However, there are differences between these two theories. Let us 
mention a few: l)The spatial directions of the brane for our open D(p - 2) brane theory 
can be either non-compact or compact while by definition the spatial directions of the 
brane for the Galilean D(p - 2) brane theory found in J27J, must be compact due to the 
absence of the base D-brane. 2) As a result, our open D(p - 2) brane theory lives on (1 
+ p)-dimensional Dp brane worldvolume while the Galilean D(p - 2) brane theory lives 
on the (1 + 9)-dimensional spacetime. 3) The starting points are completely different. 
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